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A METHOD FOR SOLVING SILVESTER TYPE
PARAMETRIC MATRIX EQUATION

A method for solving Silvester type parametric matrix equations is proposed. The method
is a generalization of Bartels-Stuard’s algorithm for solving Silvester type autonomous matrix
equations. The method is based on differential transformations and is called D-analogue of
Bartels-Stuard’s algorithm. A model example is also presented.
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There are many common problems in science and technology which are reduced
to the solution of linear autonomous matrix equations. The problems become more
complicated when the system is described by nonlinear and/or nonautonomous
equations. There are a lot of methods for solving autonomous matrix equations [1-3]
but the nonautonomous case is almost not investigated. The efficiency of differential
transformations [4] for solving many problems of nonautonomous systems was shown
in many investigations by many authors [5,6]. Taking into account the efficiency of
using differential transformations for nonautonomous cases, in this paper, differential
transformations are applied for solving Sylvester type non-autonomous matrix

equations.
Considering the Silvester parametric matrix equation:
A (€)X (6) + X (1) B (£) = Cip (1) @)
According to Bartels-Stuard’s algorithm [1], the equation (1) is reduced to:
U, (1) T, (0)- U () X O+ X(0)-U, ()T, (t)- Uy () =Ct), @)

where U (t) and U, (t) are unitary matrices [4,5] (Ul t)=U*t) and U] (t)=U;* (1))
T, (t) and T, (t) are the upper triangular matrices computed as Schure decomposition

[1]:
T.(t)=U](t)- Alt)-U,(t), ©)

T, (t)=U; (t)- B(t) U, ). 4)



Taking into account the unitarity of U matrices and multiplying (2) by U; (t) the
left side and by Ub(t) the right side (2) becomes:

T (0)-U(0)- XU, 0)+U (1) X(0)-U, ()T, () =0 1) Ctu, 1) ©

Denoted by

Clt)=U7 (t)-C(t)-Uy (1) ©
Y(t)=U]([t) X()-U,(t), 7
(5) becomes:
T,(t)-Y(®)+Y(t)-T,(t)=Clt) 8)
The solution of equation (1) can be computed as:
X(t)=U,(t)-Y(t)-Uj (1) 9)

The differential transformations[4-6] will serve as a main mathematical apparatus
for solving this parametric matrix equation, so let us introduce the main expression of
differential transormations and some of their important properties:

H* a"x(t)

T t_tu,Kzo,_oo = x() =Nt H,X(K)), (10)

X(K) =

where X (K) is the image (discrete) of the original X(t); H - the known constant
(scale coefficient); N(-) — the known function of the variant for reconstruction of the
original X (t); t, - the center of approximation. The left side of the expression is called

forward transformations, and the right side — the reverse transformation or reconstruction.
Here are some of the properties of differential transformations, which will be used for
the future computations.

According to differential transformation algebra, the matrix equation (8) in image
space will be [4-6]:

S0 (K -0+ Y()-Ty(K 1) =E(K), K =000, (1)

1=0

where

T.0)="" S UI(p)A@)U, () K =0, 12)



p=K.q=K r=

n0)=" S0 (p)-Ba)-U,() K =0 13)

p=0,9=0,r=0
p+g+r=K

p=K.q=K,r=

EK)=" SUI(p)-cla)u,(r) K =0, )

p=0,9=0,r=0
p+g+r=K

are the matrix discrete or images of (3), (4) and (6) accordingly.
From (11) it follows:

T.(0)-Y(K)+Y(K) T, (0)=

—C(K)- YLK -DYO)+YO) T (K- k=0
1=0
For each iteration ( K = O,_oo) the elements of Y are computed as:
- iTa(K +JZ:Y )i Ty (K ]
Y (K)= I=i+1 f= ,
”( ) Ta(K)ii +Tb(K)jj (16)
i=mL j=1
Ta(K)i +To(K) 5 #

The U,(K) and U,(K) ( K =0,00) discretes can be calculated as the Eigen

vectors’ matrices of A(t) and B(t) previously orthogonalized by D-analogue of the
Gramm-Schmitdt process [6].
The X (K) discretes can be calculated from the image of (9):

p=K,q=Kr=K

X(K)=" S (UL(p)-Y(@)-U] () K =0 )
p=0,q=0,r=0
p+q+r=K

The original X (t) can be reconstructed as the second part of (10).
Example. Now consider the following matrix equation:
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Alt)- X (t)+ X(t)-B(t)=

_ 1 1
_ t+1 1-t t _5 _
-t t2 t t
) 2_t-6 t*’-t+3
-t 3t 412 15t3+13t -39t-15
_ -t?+t+6 t?-6t* +8t-15 .
t*+t>-t-6 t6-7t5+13t4-16t3+3t2+14t+3
t3-t% - 6t t3-6t° +8t-15
According to (10) the discretes of A(t), B(t) and C(t) (at t, =1.5; H =1;) are as
follows:
25 -05 1 - 00
Al0)= »All)= P A2)= ; A(K)=10j,
©) {—1.5 2.25} o {—1 3} @) {o 1} (K)=10}
0 = 0,66667 -0,28571] B1) - -0,44444 -0,08163
|-0,28571 040000 7 |-0,29932 0,05333]'
0,29630 -0,02332] B(B)_‘-019753 -0,00666
-016845 -013511]' |-012118 005784’
013169 -0,00190] B(S)_‘-o,08779 -0,00054
-0,07825 000518’ ~|-0,05289 -001819]
0,05853 -0,00016 5 (7)_'-0,03902 -0,00004
-0,03505 0,00832 |’ |-002343 -0,00041|’
0,02601 -0,00001
B(8) = .
-0,01560 -0,00244
35357  6.0714 1.9660 3.1252
C(0)= ,C(D) = :
0.2381 —0.0607 —~1.1791 3.1484
0.2796 —0.4011 —-0.4714 —-0.0238
C(2) = ,C(3) = :
—-0.2557  3.3273 —-0.5478  0.9450
) —0.3168 0.0613 )= —-0.2105 —0.0430
|-0.1069 0.0637 |’ | -0.2454 -0.0226 '
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~0.1405  0.0018 —0.0936 0.0091
C(6) =  C(7)= ,
~0.0469 —0.0059 ~0.1092 0.0089

—-0.0624 - 0.0057}

C@) =
~0.0208 —0.0033

According to D-analogue of orthogonalization of the Gram-Schmitdt process [6],
the discretes of U (t) and U, (t) are as follows:

—0.5547 0.8321 0.2560  0.1707
U a (0) = 1 U a (1) = 1
0.8321 0.5547 0.1707 -0.2560

-0.0919 -0.1182 0.0182  0.0646
Ua(z): ’Ua(3): !
-0.1182  0.0919 0.0646 —0.0182

0.0065 —0.0280 ~0.0099 0.0083
U.(4)= U.(0)= :
~0.0280 —0.0065 0.0083 0.0099

0.0067 -0.0002 —0.0031 -0.0020
U,(6)= UL ()= ,
—0.0002 -0.0067 —0.0020 0.0031

U.(6) = 0.0009  0.0018
a*7710.0018 —0.0009 |

U.(0) = 0.5372 —0.8435 U= 0.2638 0.1680
*Y10.8435 05372 "7 |-0.1680 0.2638]'

—-0.3869 -0.1884 0.0470 -0.1286
U,(@= U, = ,
0.1884 —0.3869 0.1286 0.0470

0.2653 0.2678 ~0.3610 -0.0864
Yo =| 02678 02653 " 7| 00864 —0.3620]

0.0009 0.0018 0.4630 0.4036
U, (6)= Uy (7) = '
0.0018 -0.0009 —0.4036 0.4630

—0.5449 0.0093}

U,®) =
) {—0.0093 —~0.5449

For T, (t) and T, (t) from (12) and (13), the matrix discretes are:

325 - 30 10 0 0]
Ta(O){ . 1.5]Ta(1){0 J,Ta(z){o O]A(Z){O J,
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0.2177

- 0.1282}’
0.1145

- 0.2691} ’

0.0523

- o.oozo} ’

0.0234

- 0.0109} ’

1.0568
3.4547} ’
0.7549
—1.8087} ’

—-1.7510 0.1310

-3.0276
3.0819 |

T.(K)={0}, K >3.
T.(0)= 0.2180 0 T = -0.2629
P 0 08486 " 0
—-0.2273 0.1451 0.1294
T,(2) = T, )=
0 0.3885 0
T () = -0.0865 0.0763 1.6 =| 0.1040
o 0 02234 "7 0
0.1236  0.0349 -0.0277
T, (6) = To() =
0 -0.0568 0
—-0.1402 0.0156
T 8) = :
0 0.1638
The G(K) discretes are calculated from (14):
~ —-3.8304 -0.3491| =~ 1.5541
C(O) = y =
5.8838  0.1028 5.3401
~ 22941 44893 =~ 0.1574
C(2)= , C(3) =
—0.1348 -0.8432 0.7562
~ 14498 -2.1484| ~ —-0.0573 1.7826
C4) = , C(5)= ,
0.0357  2.1249
~ —-1.4382 0.5874| =~ 1.5134
C(6) == y =
1.3535 -2.5293 0.7543
~ 0.5821 2.5169
C®) = :
—-2.9709 0.4562

The Y (K) discrete is collected from (16):

~0.1170 —0.0745 1.0130

Y(O) = ! Y(l) =
3.4247  0.0438 1.6389
2= ~0.2067 0.3738 _[0.1429
1-0.3285 -1.1520|" 1 0.5400
0.2514 0.0236 ~0.3745

Y(4)= ,Y(5) =

~0.2054 1.2838 —0.5451
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0.5937

1.1373} ’

~0.4917

- 0.7634} ’
0.3855

- 0.6625} ’



0.0767 —0.4476
©-| |

0.4068 —0.0459
0.7900 -1.0591|

Y(7) = :
-0.0120 1.9631
—0.4888 0.6503}

Y (8) =
_1.2267 —0.6442

The X(K) discretes are calculated from (17):

15 25 11
X(O){ ) 1.5}, X(1)=[0 J, X(K)=1{0}, K>2.

The original X (1') is reconstructed using diferential Taylor’s transformation [4-6]:

X(t):E tﬂ.

Conclusion. The solution of the model example by using the developed D-analogue
of Bartels-Stuard’s method analytically, satisfies the considered Silvester type
nonautonomous matrix equation.
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U.Q. U4ESPUSUL, 4.[k. U4PL3UYL, .U NULQUI3UL

UPLYGUSCP ShMb MU U UGSMUYUL UUSCRSUSHL 204 UUUCNRULEE
LOROUUUL BULUY

Unwowplws t Uhjbuniph nhyh yupudtnpuljut dwnphguyhtt hwjuwuwpnidubph
nwsuw tnubwl]” hhdtws Mniumjh nhdpbpkughwy diwthnpumpniitutph Ypw, npp Uhpdkuiph
nhyh wjunnund dwnphguyhtt hwjuwuwpnudubph nsdwt fupnbju-Unniupnh Epubulh
punhwpugnid £ b Ynsynud £ Fupuntju-Unyniupnh bnubulh F-udwbwly: Lipluyugqus ©
unnbjwyht ophiwly:

Unwhgpuypli punkp. dlwnphguyhtt hwjwuwpnud, ns-wdunund dwnphg, nhybpkughuy
Alwthnpunipiniuitp, Fupnbju-Unjnuupnh inubwl, Sniph gjndwynghghu:

A.I'. ABETUCSIH, B.P. ABUHSAH, JI.A. KABAPAH

METO/ PEIIEHUS TAPAMETPUYECKUX MATPUYHBIX YPABHEHUM
THUIIA CUJIBBECTPA

INpennoxxeH MeTox penieHus MapaMeTPUUECKUX MAaTPHUHBIX ypaBHeHHH THra CHibBecTpa,
KOTOpBIN siBisieTcsi 00oOmenneM Merona baprenbca-Crioapra Uit pelieHHs aBTOHOMHBIX
MaTpUYHBIX ypaBHeHHH Trma CuibBecTpa. Meton ocHOBaH Ha au¢depeHansHbIX mpeodpaso-
BaHusx IlyxoBa u Ha3BaH Jl-aHanorom merona baprensca-Crroapta. IlpeacraBieH MoaenbHbIH
pumep.

Knrwouegvie cnosa: MaTpiuHoe ypaBHEHHE, HEaBTOHOMHAsl MaTpula, AuddepeHnnanbHble
npeobpaszoBanus, Meton baprensca-Crioapra, nekommosurws Lypa.
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